
C H E B Y S H E V  A P P R O X I M A T I O N  F O R  T H E  R O O T S  

O F  T H E  E Q U A T I O N  B i W r ( P ) =  ~ V r ( P )  

M .  D.  M i k h a i l o v  a n d  B .  K .  S h i s h e d z h i e v  UDC 536.24.0]  

A m i n i m a x  a p p r o x i m a t i o n ,  u n i f o r m  fo r  Bi~ [O, r is  d e v e l o p e d  fo r  the r o o t s  of the equat ion  
BiWF(P)  = PVF(P) ,  by m e a n s  of Chebyshev  p o l y n o m i a l s .  

Ana Iy t i c  d e t e r m i n a t i o n  of the  t e m p e r a t u r e  d i s t r i b u t i o n  in a o n e - d i m e n s i o n a l  body u n d e r  a l l  p o s s i b l e  
i n i t i a l ,  i n t e r n a l ,  and e x t e r n a l  cond i t i ons  r e q u i r e s  f inding the r o o t s  of the c h a r a c t e r i s t i c  equa t ion  [1, 2] 

Bi Wr (~t) = ~tVr (~t), 0 -.< Bi < oo, (1) 

w h e r e  the funct ion WF(P) and VF(p) for  a p la t e  (F  = O), c y l i n d e r  (F = 1), and s p h e r e  (F = 2) have the f o r m  

W0(I, ) = cos~t, W,(~t) = J0(~t), W~(tt) --  sinl~ ; 

[x (2) 
V0 (/*) = sin it, VI (~t) = dl (~t), V~ (,u) --  sin ~t - -  ~t cos 

l, 2 

Equa t ion  (1) is  t r a n s c e n d e n t a l  and canno t  be so lved  in a n a l y t i c  f o r m .  I t s  f i r s t  s ix  r o o t s  have been 
t a b u l a t e d  in [3] fo r  40 d i f f e r e n t  v a l u e s  of the Blot  n u m b e r .  G r i g u l l  p r e s e n t s  m o r e  a c c u r a t e  t a b l e s  for  14 
Blot  n u m b e r s  in [4, 5]. 

N o n e q u i l i b r i u m  h e a t - c o n d u c t i o n  c a l c u l a t i o n s  a r e  u s u a l l y  made  with  a c o m p u t e r .  It is  not  good p r a c -  
t i ce  to i n t r o d u c e  r o o t s  into the c o m p u t e r  in t a b u l a r  fo rm,  b e c a u s e  t a b l e s  load the m e m o r y ,  and s e l e c t i o n  
and i n t e r p o l a t i o n  of  the  r e q u i r e d  v a l u e s  invo lves  c o n s i d e r a b l e  t i m e .  It is  much  m o r e  c onve n i e n t  to use  
C h e b y s h e v  a p p r o x i m a t i o n s  [6], p a r t i c u l a r l y  b e c a u s e  d e t e r m i n a t i o n  of t h e i r  c o e f f i c i e n t s  in t e r m s  o f  t abu l a t ed  
v a l u e s  can  e a s i l y  be done by m e a n s  of a p r o g r a m  [7]. 

F o r  p r o p e r  cho ice  of the C h e b y s h e v  p o l y n o m i a l  a r g u m e n t  we f i r s t  f ind a s y m p t o t i c  e x p r e s s i o n s  fo r  
Pn (n = 1, 2 . . . . .  oo). F o r  th i s  p u r p o s e ,  we e x a m i n e  two l i m i t i n g  c a s e s ;  /a ~ 0 and Bi ~ ~ .  

Us ing  the s e r i e s  d e r i v e d  in [1 ,2 ]  fo r  WF(P) and VF(P) ,  it  can  be shown tha t  

~z~ (u____L) = r +___j_ ~ - -  l~a �9 Wr-l-6(it). (3) 
Vr (~t) ~t r -F 3 (r+3)~-(r~ 5) Wr+2(bt) 

F o r / ~  ~ 0 we c a n  n e g l e c t  the l a s t  t e r m  on the r i g h t  s ide  of Eq.  (3). Subs t i t u t i ng  the r e s u l t  in Eq. (1), 
we obta in  the fo l lowing  a s y m p t o t i c  e x p r e s s i o n  fo r  the  f i r s t  r oo t :  

~ = l:(r + 1)(r ~- 3) r q- 3 + Bi" (4) 

F o r  Bi ~ oo the r o o t s  in Eq.  (1) a r e  g iven  by 

~1~= n - ~ - , ~  ~. (5) 

Eq. (5) is  e x a c t  fo r  r = 0 a n d 2 .  I t  i s  a s y m p t o t i c  f o r F =  1. 
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TABLE 1. C o e f f i c i e n t s  ~ n , k  f o r  a P l a t e  

0 --0,74624414 
1 +0,79756431 
2 --0,37660689.10-~ 
3 --0,12582065.10-~ 
4 --0,16754416.10-~ 
5 +0,40976275-10 -3 
6 +0,19234612. t0 -a 
7 +0,10221381.I0-~ 
8 ~0,11479556.10 -4 
9 --0,32257521-10 -~ 

I0 +0,37543941.10 -7 
11 +0,86850195.10 -~ 

--0,74750704 
+0,80698354 
--0,40242511.10-a 
--0,22405683.10-~ 
+0,24330272.10 -= 
+0,85835975.10 -3 
--0,80406665.10 -a 
--0,40531580.10 -4 
--0,16632984.t0 -~ 
+0,26601483.10 -a 
+0,46090281.10 -~ 
--0,16436388.10 -n 

t 
--0,76353794 
+0,81697734 
--0,24299633.10 -x 
--0,33638841.10 -~ 
--}-0,26842460.10 -~ 
+0,22070060.10 -= 
--0,26697125.10 -a 
--0,15802503.10 -s  
+0,23983797.10 -4 
+0,11554453.10 -a 
--0,18110731.10 -n 
--0,85520150.10 -~ 

~0,77003115 
+0,82063950 
~0,17369540.10 - l  
~0,37943919.10 - I  
+0,22495208.10 -= 
+0,29382952.10 -= 
--0,27608311.10 -~ 
--0,25726076.10 -= 
+0,32248470.10 -~ 
+0,23556334.10 -~ 
~0,33192773.10 -s 
~0,20338047.10 -~ 

Max.abs. 
2,9.10 -6 1,7.10 -7 4,1.10 -7 1,4.10 -6 

error 

k n=5 n=5 n=7 n=8 

--0,77354935 -- 0,77575640 
+0,82253134 +0,82368503 
--0,13509255.10 -1 ~0,11051137.10 -1 
--0,40203357.10 -1 --0,41592358.10 -1 

-0 18848019-10 -= +0,16099018.10 -= 
-0,33638764.10 -= t+0,36386559.10-= 
-0,25370052.10-sl--0,22839634.10-3 

--0,32342800, t0 - s  --0 36900397.10 -31 
+0,32954019.10 -~ +0,31469535.10 -4 
-}-0,32868614.10 -a +0,39896738.10 -4 
--0,40973245.10 -5 --0,42977335.10 -a 
1--0,31283125.10-~ --0,40505110.10 -~ 

2"lO-a I 2'2"10-6 

k I r$~9 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
I1 

Max.abe. 
error 

0 --0,77921253 
1 +0,82544055 
2 1--0,71471631.10 -~ 
3 --0,43720850-10 -a 
4 [+0,11088308.10 -2 
5 +0,40778259-10 -~ 
6 1~0,16953461.10 -a 
7 --0,44606678.10 -a 
8 1+0,25358938.10 -4 
9 -+-0,52585324-10 -4 

t0 --0,39704609.10 -~ 
11 --0,58727891.10 -a 

Max.Ebs. i 
error 1 2'4"10-8 

--0,77727025 ----0,77837319 
+0,82446165 ]+0,82501994 
--0,93492308.10 -2 ~0,81012953.10 -2 
~0,42531814.10 - I  --0,43299291.10 -1 
+0,14010153.10 -2 ] 
+0,38298638.10 -= 
--0,20559242.10 -s  
--0,40193469.10 -s  
+0,29376780.10 -4 
+0,45184278.10 -4 
--0,42266910.10 -5 
--0,47769281.10 -a 

2,5.10-6 

+0,12384170.10 -= 
+0,39703721.I0 -~ 
--0,186O8654.10 -s  
~0,42673242.t0-s 
,--0,27309593.10 -4 
--}--0,49316746.10 -a 
---0,41008461.10 -a 
--0,53830735.10 -~ 

2,5.10-6 

n=lO 

[_~0,77987278 
,0,82576888 

~0,63940161.I0 -~ 
~0;44120573.10 -a 
+0,I0032999.10 -~ 
+0,41625995.10 -~ 
~0,15552209.10 -s  
~0,46149911.I0 -s  
+0,23708809.10 -4 
+0,55194934.10 -4 

]~0,38064463.10 -5 
[--0,63863844.10 -~ 

2,4.10-6 

T h e  c o r r e c t i o n  to  t he  e i g e n v a l u e  ~ ( ~ ) i s  g i v e n  by  

B i '  

w h e r e  e i s  s o m e  n u m b e r .  

U s i n g  T a y l o r ' s  s e r i e s ,  w e  c a n  w r i t e  

(6) 

/ . ) .  ~ \  I ~ r (~) ~ 

(r { r } 
vr  - ~ -  = v,- (~(.'~) I + ~(1----7 B-i . . . .  

(7) 

(8) 
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TABLE 2. Coefficients an,k for a Cylinder 

0 [--0,10539837.10 
1 I+O,L2305030-LO 
2 ~--0,98448]16.t0-1 
3 1--0,30111569.10 -~ 
4 ---0,18850414.10-~ 
5 -{-0,21094276.10 -~ 
6 +0,60997885-10 -s  
7 ~0,81636040-10-~ 
8 --0,81922538.10 -~ 
g --O t915319I-I~ -r 

10 +0,55958412"10 ~ 
l l  +0,37323916"I0-~ 

n~2 [ n~3 

--0,78416~70 ---0,78305778 
.-{-0,87675207 ].-{-0,85674086 
--0,41852796.10-~--9,24625005-10-~ 
--0,34330528-10 - t  
.,{,0,44811004.10 -9 
..{.0,18474684.10 -9 
--0,36514209-10 -~ 
--0,99093565.10 -4 
.,{,0,23946398-10 -4 
~ 0 , 3 4 3 7 7 ~ . ~  -~ 
+0,13233078,10 -~ 
--0,74979170.10 -~ 

--0,40527444.10 -~ 
..{.0,33280149-10 -9 
..{.0,30956798-10 -9 
---0,40921501-10 -~ 
--0,25945124.10 -a 
+0,467896~6,10 -~ 

--0,35739358.10 -~ 
--0,876551t3-10 -n 

n~4 

--0,78322982 
+0,84848454 
--0,17~86527.10 -~ 
--0,42766895.10 -~ 
~0,25565518.10 -~ 
+0,36321480.10 -9 
--0,35444401.10 -a 
_0,350%733.10 -a  

i+0,46335975.10 -a 
+0,34861877.10 -~ 
--0,60327438,10 -~ 
--0,33941905-10 -~ 

Max .abs. 
error 4,8-10 -6 9,6.10 -n 3,9 -10-~ 4 , 1  10 -n 

I~ n~5  ~ 6  n~7 n~8 

0 
1 
2 
3 
4 
5 
0 
7 
8 
9 

10 
11 

M ax .abs .  

--0,78349528 
.-{--{-0,84396204 
--0,13562604.10-I 
--0,43911369.10-1 
+0,20640987.10-~ 
.,{,0.39229438.1fi -~ 
--0,301]1930.10 -a 
--0,40433800.10-~ 
-}-0,42577841.I0 -4 
-}-0,42822401-10 -4 
--0,45256601.10-~ 
--0,58712903.~0-n 

--0,78391913 
.-{-0,83913806 
--0,93667328.10-~ 
--0,45066021.10 -1 
+0,14830945.10 -~ 

~+0,42300507-/0 -r 
_0,2~852055.10 -s 
--0,46387749.10 -s 
-{-0,35092438.10 -4 

i 
+0,53985772.10 -4 
_0,47417t24.10 -5 
_0,67373912.10 -~ 

--0,78372850 
+0,84110614 
--0,11080178.10 -1 
--0,44603~11.10 -1 
+0,17268415,10 -2 
i.,{,9,41058253-I0-~ 
--0,26053145,10 -a 
--0,43951749.10 -3 
.-{-0,39007369-10 -4 
.-{-0,49116235.10-4 
--0,49142254,10 -~ 
--0,60474703,10 -5 

2,3 , }0 -~  2,5.10 -~ 

n~9 [ ~10 

0 --0,78420150 
1 l+0,83660153 
2 [--0,7L5492[7.[0 -9 
3 /--0,45646052,10-~ 
4 /..{.0,11555363.10 -2 
5 I + 0  43886872-10 -2 
6 !~0,18287885.10 - s  
7 --0,49536542.10 -3 
8 ~+0,29237053.10 -4 
9 -+0,59540791.10 -4 

10 !--0,51505776-10 -5 
11 i--0,71174436.10-a 

--0,78430728 
.-{-0,83573595 
--063995175.10 -~ 
--9,~5838924-~0-x 
+0,1040}15t.10 -9 
+0,44420132.10 -9 
--0,16578678.10 -3 
--0,50639234.10 -3 
~0,26618217.10 -4 
..{.0,61917584.10 -4 
--0,49579830.10 -~ 

,--0,75021816,10 -~ 

3.10-~ 

5,2-)0 -8 

Max.abs. [ 3. ]0 -B 

~IIOE 

--0,78407414 
-~0,83769926 

]--0,81126870.10 -~ 

l 
- -0  45397302"10 -~ 
+0112991171.10 -9 
+0.43202863-i5 -~ 
--0,20325988.10 - s  
--0,48163204.10 - s  
-{-0,3[790768.10 -4 
~ 0 , 5 7 1 0 6 2 7 0 . 1 0  - a  

--0,48238580.10 -a 
--0,69676617,I0 -~ 

2,7.10 -8 

S u b s t i t u t i n g  (7) a n d  (8) i n t o  E q .  (1) a n d  n e g l e c t i n g  t e r m s  c o n t a i n i n g  ( ] / B i )  2 a n d  h i g h e r  p o w e r s ,  o f  1 / B i ,  

w e  o b t a i n  

F o r  F = 0 ,  a f t e r  s q u a r i n g  a n d  n e g l e c t i n g  t e r m s  c o n t a i n i n g  1 / B i  2, w e  o b t a i n  f r o m  E q .  (9) t h e  e x p r e s -  

s i o n  g i v e n  in [8] ,  p .  i 5 1 .  

In the present work, the minimax appro• for the n-th root o5 Eq. (I) is constructed in the 

form of a series of Chebyshev polynomials 

Ii 

= ~ %, ~Th (2x - -  1), (I0) 
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T A B L E  3 .  C o e f f i c i e n t s  ~ n , k  f o r  a S p h e r e  

k n~l n~2 ~ n=~ 

--0,1402295I.t0 
-{.-~ ,16s 
--0,16916148 
---0,48144595.10 - t  
--0,14194991.10 -a 

-0,47345985.10 -z 
-0,98167703.t0 -a 
-0,36675442.10 -a 

--0,85576886 

--0,44863540.10-'  
--0,45073769.10-'  
-0,64328810.I0-~ 
-0,30817344.10 -~ 
.-0,75648704,10 ~s 

--0,19684208, t0 -a 

--0,82761458 
+5,5939595~ 
.--4) ,256551e8. ] O- t 
---0,46969392. l 0 - t  
-{--0,40140483.10 -= 
~0,40290063.10 -e 
--0,5754t 838, lO-* 
~0,38058366, tO -a 

F 
i--0,81563785 
+~,B~455~95 
~0,18004166.10 -~ 
--0,47360943.]6 -~ 
-}-0,29031514.10 -~ 
�9 -{-0,43435881.10 -= 
---0,44194837.10 -a  
---0,45378714.10 -a 

fl 
9 

10 
II 

--0,2036t572.~0 -a -0,7~074t3. tO -~ 
~-q--0,173~7920,10-~1~0,94432034,]0-s 
~-0,29619172-10 -~ t ~0  78587181.10 -~ 

~0,80290192.~0 -~ 1--0,29509828.10-~ 

q-0,36152734. 0-*  
--0,81947946.10 - s  
--0,27387432.10 -~ 

--~,65635496-I~-" 

t 
-}-0,52013361.10 -~ 
--0,10453877.10 -a 
~0,73544506.10 -$  

Max.abs.  i error 1,3.10 -a 612.10 -~ 5',2.10-~ 7,6.10 -'~ 

~" n=5 n------'$ n=7 1 n-----~. 

3 
4 
5 
6 
7 
8 
9 

10 
t t  

--0,80176838 
--0,85329235 
--0,95160497.10 -z 
~0,47533494. t0 - t  
-}-0,15830749-t~-: 
~-~-0,463520~4.10- ~ 
.--0,25768985,10 -a 
--0,52861562,10 -a 
~--}-0,40886050,10 -a 
+0,65468164,10 - '  
--0,53734547.10 -~ 
--0,8085000~,t0 -~ 

0 I--0,80897128 --0,80471916 
l 1-}-0,86431175 +0,85780055 

1~0,13876583.10 -~ ~0,11289290.10 -~ 
--0,47480128, t0 -~ --0,47521042.t0 -~ 
q-O,22739~t2-~fl -~ ~0,18679C~52-t~ -~ 
--}-0,449302~6.10 -z ~-0,45795]I0.I0 -~ 
--0,35846841,10 -a I---'0,29978637.10 -~ 
---0,49125005.10 -~/--0,51373736.10-a 

-0,54509015.10 -a t--{-,0,46714398.10 -~  
-0,57599361.10 -~ )~0,62214094.10 -a 
-0,78877783,10 -~ [~0,70629612.10 -~ 

~O,6292379t.tO -~ I--0,71512040, tO - ~  

--0,79960007 
-}-0,84998542 
~0,82247517.10 -2 
~0,47535180.10 -1 
~O,1373fi667-LO -~ 
-,}-0,46737378.10 -~ 
--0,225J6958,10 -~ 
--0,53826803.t0 - s  
--}-0,36502649.10 -~ 
q-0,66627239.10 -a  
--0,49601076.10 -a 
--0,89031382.t0 -~ 

M a x - a b , .  7 . 3 . 1 0 _ ~  i r ! 5'2"10-~ 5'9"10-B 3'4"10-~ 

k ( n-~.9 n~lO _ _  
I 

]--.0,7966269~ 
~-0,845457Q7 

I--0,475251~5.10 -~ 
~0,10870648,10 -~ 
-7-0 47237517,10 -2 
--..0,17993908.I0 - s  
..-0,55243236.10 -a 
-}-0 30326744,10 -4 

I q.-0'69659246.10-4 
]--0:35457342.10 -~ 

3,4.10-D 

I 
0 -.0,79793957 
t i ,-}.-0,84745530 

3 t --0,47531117.10- '  
4 | -a-O, 12137467.10 -~ 
5 -7-0,47021039, I0 -~ 
6 ---43,19999685. I0 -a 
7 --0,54626257.10 -a  
8 -}-0,33099961. lO -~ 
9 I ~0,68271314- tO-" 

[0 - -0  40065142. tO -~ 
~, l ! ~ ,B9653395 �9 1O-t 

Ma:~.abt. I 3'4"10-'~ 
error 

w h e  r e  

aad 

w h e  r e  

x =  y ~ 3 + B i  

ii 

x ~ -  
Bi 

(11) 

(12) 

(13) 
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The s e r i e s  (10) and (12) a re  se l ec t ed  by c o m p a r i n g  the f i r s t  two t e r m s  with the a s y m p t o t i c  e x p r e s -  
s ions  (4) and (9). 

Tab les  1-3 l i s t  the coe f f i c i en t s  an,  k for  the f i r s t  10 roo t s  f o r  the plate  cy l inde r ,  and sphe re ,  r e s p e c -  
t ive ly ,  as  well a s  the m a x i m u m  abso lu te  a p p r o x i m a t i o n  e r r o r .  The l a t t e r  is d e t e r m i n e d  by c o m p a r i n g  the 
roo t s  of Eq. (1) with those  obtained f r o m  (10) and (12) for  x = 0 to I at  i n t e rva l s  pf 0.01. The in terva l  is 
0.005 fo r  the f i r s t  four  r o o t s  in the sphe r i ca l  case .  F o r  ve r i f i ca t ion ,  the r o o t s  of  Eq. (1) were  ca lcu la ted  
to 10 -~. The r e s u l t s  were  obtained by m e a n s  of the p r o g r a m  d e s c r i b e d  in [7]. 

The roo t s  at  the app rox ima t ion  points  w e r e  ca lcu la ted  to 10 -7 . F o r  the plate  and cy l inde r ,  81 ap -  
p rox ima t ion  points  were  used fo r  the f i r s t  two r o o t s  and 61 for  the o the r s .  F o r  the sphere ,  81 points  were  
used fo r  all  roots .  

The s e r i e s  (10) and (12) ag ree  with the tabulated va lues  of  roo t s  g iven in [4] to six s ign i f ican t  f igures .  

1. 

2. 

3. 
4. 

5. 

6. 
7. 
8. 
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